Introduction {#Sec1}
============

The new and reemerging infectious diseases have posed considerable challenges to modern life \[[@CR1]--[@CR3]\]. Notable viral emergence events include the 2009 pandemic of H1N1 influenza, the emergence of Middle East Respiratory Syndrome-associated coronavirus (MERS-CoV) in the Arabian peninsula, the West African Ebola outbreak, and ZIKV's invasion of the Americas \[[@CR4]\]. In the largest recorded outbreak of Ebola virus in humans, 28625 cases were confirmed and 11325 died \[[@CR5]\]. As of February 28, 2018, 2182 cases of MERS-CoV infection (with 779 deaths) in 27 countries were reported to WHO worldwide, with most being reported in Saudi Arabia (1807 cases with 705 deaths) \[[@CR6]\]. Therefore, it is very important to prevent and control the occurrence and spread of infectious diseases.

Vaccination is one of the most effective public policies to prevent the transmission of infectious diseases \[[@CR7], [@CR8]\]. Since Kermack and Mckendrick established the Susceptible Infected Removed (SIR) model of plague in 1927 \[[@CR9]\] and Susceptible Infected Susceptible (SIS) model in 1932 \[[@CR10]\], respectively, more and more epidemic models of infectious diseases with vaccination have largely focused on the standard SIS model. In 2000, Kribs-Zaleta and Velasco-Hernández \[[@CR11]\] put forward an SIVS model with multiple endemic states which exhibited a backward bifurcation for some parameter values and presented a complete analysis of its behavior. Thereafter, many researchers considered various cases based on this model, such as nonlinear incidence rate \[[@CR12]\], age of vaccination \[[@CR13]\], spatial dispersal of individuals \[[@CR14]\], and state-dependent pulse vaccination \[[@CR15]\]. However, the basic assumption for the above works is that individuals in each compartment are homogeneously mixed. There are a few developments on the case of heterogeneously mixed. In 2013, Peng et al. extended the SIVS model to Watts--Strogatz small world, Barabási--Albert scale-free, and random scale-free networks and made numerical analysis in detail \[[@CR16]\]. In 2016, Peng et al. studied the combination of human behavior and demographics and put forward adaptive SIVS models on networks \[[@CR17]\]. But the dynamic analysis and control strategy were excluded from these works. Recently, Chen et al. added the quarantined compartment to the SIVS model on scale-free networks and presented the global dynamics \[[@CR18]\].

In this paper, we develop the SIVS epidemic model \[[@CR16]\] on BA network to general scale-free networks, which includes two degree-related infectious contact rates and a degree-related vaccination rate. Different to Refs. \[[@CR16]--[@CR18]\], we derive two threshold parameters, discuss the existence conditions of multiple endemic equilibria, prove the global attractivity of the unique endemic equilibrium, compare the effects of the uniform immunization, the targeted immunization and the acquaintance immunization schemes, and present an optimal control strategy of vaccination by Pontryagin's maximum principle. In particular, we provide the numerical bounds for the weight ratios of densities of infected individuals and control expenses in the optimal control scheme. All the theoretical predictions are verified by numerical simulations.

The remainder of the paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, the new SIVS epidemic model on scale-free networks is constructed. Section [3](#Sec3){ref-type="sec"} presents the existence conditions of equilibria and dynamical analysis. Three immunization schemes and the optimal control strategy are carried out in Sect. [4](#Sec7){ref-type="sec"}. The numerical simulations are performed to illustrate the theoretical results in Sect. [5](#Sec12){ref-type="sec"}. Section [6](#Sec17){ref-type="sec"} concludes the paper finally.

Model formulation {#Sec2}
=================

In this section, we will give the new network-based model in the absence of demographic effects based on Ref. \[[@CR16]\]. Suppose a scale-free network with *N* nodes is established and all individuals are spatially distributed on this network, each node is occupied by one individual. The connectivities of nodes in network at each time are assumed to be uncorrelated. In an epidemic spreading process, every node has three optional states: susceptible, infected and vaccinated. In order to account for the heterogeneity of contact patterns, it is needed to consider the difference of node degrees. Let $\documentclass[12pt]{minimal}
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Remark 1 {#FPar1}
--------
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Dynamic analysis {#Sec3}
================

In this section, we will consider the dynamic behavior of system ([1](#Equ1){ref-type=""}). Firstly, we derive the two threshold parameters and present the existence conditions of the equilibria. Secondly, the global stability of the disease-free equilibrium is proved. Finally, the uniform persistence and global attractivity of the unique endemic equilibrium are analyzed.

Equilibria and threshold parameters {#Sec4}
-----------------------------------
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### Remark 4 {#FPar5}
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Global stability of disease-free equilibrium {#Sec5}
--------------------------------------------
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### Theorem 2 {#FPar6}
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### Proof {#FPar7}
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### Theorem 3 {#FPar8}
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### Remark 5 {#FPar10}

Theorem [3](#FPar8){ref-type="sec"} does not include the stability of endemic equilibria which may exist for $\documentclass[12pt]{minimal}
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Global attractivity of endemic equilibrium {#Sec6}
------------------------------------------

As mentioned in Theorem [1](#FPar4){ref-type="sec"}, there exists a unique endemic equilibrium $\documentclass[12pt]{minimal}
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### Theorem 4 {#FPar11}
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### Proof {#FPar12}
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### Theorem 5 {#FPar13}
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### Proof {#FPar14}

See "Appendix D". $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

### Remark 6 {#FPar15}

According to Theorem [4](#FPar11){ref-type="sec"}, for $\documentclass[12pt]{minimal}
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Control strategy {#Sec7}
================

In this section, we will put forward three immunization control schemes containing the uniform immunization, the targeted immunization, the acquaintance immunization, and an optimal control strategy to control the spread and diffusion of the disease. The effectiveness of the first three immunization strategies will be compared. The optimal control method will be presented.

Uniform immunization control {#Sec8}
----------------------------

Uniform immunization control is to immunize the susceptible individuals with the same probability randomly. Let $\documentclass[12pt]{minimal}
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### Remark 7 {#FPar16}
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Targeted immunization control {#Sec9}
-----------------------------

Targeted immunization control is to immunize the susceptible nodes with large degree. Let $\documentclass[12pt]{minimal}
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### Remark 8 {#FPar17}
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### Remark 9 {#FPar18}
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Acquaintance immunization control {#Sec10}
---------------------------------

It is difficult to provide the upper threshold $\documentclass[12pt]{minimal}
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### Remark 10 {#FPar19}
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Optimal control {#Sec11}
---------------

Adopting immunization strategies to control diseases may bring inevitable expenses in the actual situation \[[@CR21]\]. Apparently, vaccinating a node can generate a cost, such as economic costs of vaccines, transportation charges, and so on. Therefore, we have to take the controlling costs into consideration. In this section, we will perform an optimal control strategy.
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### Theorem 6 {#FPar20}
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### Proof {#FPar21}
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### Remark 11 {#FPar22}

Theorem [6](#FPar20){ref-type="sec"} focuses on the necessary conditions of the optimal control problem. In the objective functional ([14](#Equ14){ref-type=""}), it is difficult to evaluate the weights $\documentclass[12pt]{minimal}
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Numerical simulations {#Sec12}
=====================

In this section, we will perform numerical simulations to illustrate the theoretical results in Sects. [3](#Sec3){ref-type="sec"} and [4](#Sec7){ref-type="sec"}.
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Fig. 1Comparison of Monte Carlo stochastic simulation (red circle) and the mean-field approach (black curve) of system ([1](#Equ1){ref-type=""}), where $\documentclass[12pt]{minimal}
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Uniformity of two simulations {#Sec13}
-----------------------------

We will show the comparisons of the mean-field approach and Monte Carlo simulations for the prediction of the average densities of the susceptible, the infected, and the vaccinated individuals at the time interval \[0, *T*\]. To minimize the random fluctuation, we make 100 time average. Given two kinds of different initial conditions and infected rates (as shown in Table [1](#Tab1){ref-type="table"}), we plot the average densities *S*(*t*), *V*(*t*) and *I*(*t*) for the mean-field approach and Monte Carlo simulations in Fig. [1](#Fig1){ref-type="fig"}, where the red circles denote the Monte Carlo stochastic simulation and the black curves denote the mean-field approach simulation. $\documentclass[12pt]{minimal}
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In all figures below, the numerical results are obtained from the mean-field approach.

Dynamical properties of equilibria {#Sec14}
----------------------------------

We will verify Theorems [2](#FPar6){ref-type="sec"}--[5](#FPar13){ref-type="sec"}. In Fig. [1](#Fig1){ref-type="fig"}c, d, the basic reproduction number $\documentclass[12pt]{minimal}
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In addition, from Fig. [1](#Fig1){ref-type="fig"}, we can observe that the initial conditions have almost no influence on the stationary fraction of infected individuals for $\documentclass[12pt]{minimal}
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Effects of three immunization schemes on disease diffusion {#Sec15}
----------------------------------------------------------

We present the numerical results investigating the effectiveness of the uniform, targeted and acquaintance immunization schemes. We set $\documentclass[12pt]{minimal}
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Effects of optimal control on disease diffusion {#Sec16}
-----------------------------------------------

For the optimal control scheme, we solve system ([1](#Equ1){ref-type=""}) by the fourth-order Runge--Kutta scheme and employ forward--backward sweep method \[[@CR22]\] to find optimal solutions. The stop condition is relative error $\documentclass[12pt]{minimal}
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Conclusions {#Sec17}
===========

The purpose of this paper is to study the global dynamics and control strategies of a newly proposed SIVS epidemic model on scale-free networks. We analytically derive the expressions of the epidemic threshold parameters $\documentclass[12pt]{minimal}
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In the current work, we only discuss the global dynamics of the endemic equilibrium $\documentclass[12pt]{minimal}
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Appendix E: Proof of Theorem [6](#FPar20){ref-type="sec"} {#Sec22}
=========================================================

The existence of optimal controls is easy to be proved according to Ref. \[[@CR24]\]. Applying Pontryagin's maximum principle, one obtains$$\documentclass[12pt]{minimal}
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